SUPERPOSITION OF SHMs

TOPICS:
Principle of Superposition
Superposition of Two Collinear Harmonic Oscillations
Oscillations Having Same Frequencies
Oscillations Having Different Frequencies: Beats
Questions

References

PRINCIPLE OFSUPERPOSITION

“The resultant of two or more harmonic displacements is simply the vector
sum of the individual displacements.”

SUPERPOSITION OF TWO COLLINEAR HARMONIC OSCILLATIONS
1. Oscillations Having Equal Frequencies

Suppose we have two SHMs of equal frequencies but having different
amplitudes and different phase constants acting on a system in the x-direction.
The displacements X1 and X2 of the two harmonic motions, of the same
angular frequency o, differing by phase 0 are given by

x; = A;sinwt

x, = Aysin(wt + )

There are two methods which can be used to obtain an expression for the
resultant displacement due to superposition of the above two harmonic
oscillations. Let us discuss them now.

(a) Analytical Method




We use the superposition principle which states that the resultant displacement
equal to the vector sum (algebraic sum in this case, because the direction of
the two individual oscillation is in the x-direction) of the individual
displacements. Therefore, we can write

X =x1+x;
x = A;sinwt+A,sin(wt + 6)
= A sinwt + A,sinwt cosé + Aycoswt Sind — —————

= (A; + A,co0sd) sinwt + (A,sind)coswt
= C sinwt + D cos wt

whereC = (A; + A,cos8) and D = (A,sind)

C D
x =+/C?%+ D2 [—sinwt +—coswt]
VC? + D2 VC? + D?
. D <
Put, sina = NI and cosoa = NP

Therefore, we get x = VC? + D?[cosa sinwt + sina coswt]

x = Asin(wt + a)

A=+VCZ+DZ%=./(A; +Ayc058)? + (A,5in8)2 = A2 + A% + A, A,cos8

tana =

D Ajsind
C A;+Aycosé

The resultant of two collinear simple harmonic motions having the same
frequency is itself a simple harmonic motion. The amplitude and phase of
the resultant SHM depends on the amplitudes of the two individual
SHMs as well as the phase difference between them.



(b) VectorMethod

SHM is represented as rotating vector. Represent the first SHM by a vector of
magnitude Ajand the second SHM by the vector of magnitude A,. We assume
here that the phase angle of the first vector is zero and for the A second vector

it isd. Therefore the phase difference between them is 9.
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The resultant oscillation : x = Asin(wt + a)

The vector A" represents the resultant SHM whose magnitude is

A= \/Af + A% + 24, A5c0s6

The resultant A" makes an angle awith the x-axis and can be expressed as

Height  Asiné
Base A+ A,cos8

tana =

The advantage with the vector method is that it can easily be extended to
more than two vectors. For example, if we have 3 vectors,

x, = A;sinwt
xz = Alen(wt + 61)

X3 == Azsln((,l)t + 62)



they can be represented as shown in the figure below.
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The resultant oscillation : x = Asin(wt + a)

The vector A represents the resultant SHM whose magnitude is

A= /(A; + Aycos6, + A3c055,)% + (A,5ind; + A,sind,)?

The resultant A" makes an angle awith the x-axis and can be expressed as

Height  A,sind, + A;sind,
Base A+ A,cos8, + AscosS,

tana =

APPLICABLE FOR N VECTORS ALSO

Q: A particle is subjected to two simple harmonic oscillations

x; = Asin wt
) s
X, = Asin (a)t + 5)

Determine (a) the displacement at t = 0, (b) the maximum speed of the particle and (c) the
maximum acceleration of the particle

Q. Calculate the amplitude and initial phase of the harmonic oscillations obtained by the
superposition of two collinear oscillations represented by the following equations:

x; = 0.02Nsin ( Snt + g)

x, = 0.03Nsin (Snt + %)



Oscillations Having Different Frequencies:Beats

Suppose we have two collinear harmonic oscillations of different frequencies and
different amplitudes and the same phase constant (= zero).

X1 = A1Sin (I)J_t
x2 = AzSin wzt

The resultant of these two oscillation is given by
x = A;sin wit + A,sin w,t
Define w; =w—Aw and W =w+Aw

Therefore w = ;(ah + w,) Av. frequency and

Aw = %(w1 — w,) modulation frequency

Substituting,
x = A;sinw;t + A, sin w,t

= A;sin (w — Aw)t + A,sin (w + Aw)t
= A, (sin wt cosAwt — coswt sinAwt) + A,(sin wt cosAwt + coswt sinAwt)
= (4; + A,) sinwt cosAwt — (A; — A,)coswt sinAwt

Define
(A; + Ay)cosAwt = Acosa

—(A; — A,)sinAwt = A sina
x = Acosa sinwt + Asina coswt = Asin(wt + a)

A= Resultant Amplitude, o= Resultant Phase const. This oscillation can, at best, be
: o 1
described as periodic with an angular frequency of w = 5 (w; + w,), the average of the two

componentfrequencies.

A =/(A; + 4;)%cos?Awt + (A, — A,)%sin?Awt

= \/Alz + A,% + 24,4, cos( 2Awt)



—(A1—A3)sinAwt
(A1+Ay)cosAwt

And tana =

Both A and o vary with time

If w, =w,, Aw — 0, modulated frequency Aw <« w, average frequency. Modulated
amplitude (resultant amplitude) A and the modulated phase constant (resultant phase
constant) vary only slightly with time and may be treated as almost constant. Then

x = Asin(wt + a)
represent an approximate harmonic oscillations having angular frequency ®. The resulting

oscillations, in the case when the two frequencies of the SHMs are nearly equal, exhibit what
are called beats.

Q  When is the modulated amplitude 4 = \/Alz + A,% 4 24,4, cos( 2Awt) maximum?

Solution: maximum modulated amplitude =4, + A,
when cos(2Awt) =1 - 2Awt = 0,21 ....

- (wy —w)t=0,2m...2nmT

1 2
->t=0,—— ... ...

(v—wm) (v—1)
Hence the time interval between two consecutive € maxima is is

v2—w

Q: When is the modulated amplitude minimum?

the minimum amplitude = |[A; — A|, when
when cos(2Awt) = —1 - 2Awt = 1, 27 ....

- (w, —wy)t =m,3m, 5 ...

T 3 5

b= (W —wq) (w —wq) (w3 — wq)




_ 1 3 5
T 2(vm—m)'2(v—v) 201, — 1)

Hence the time interval between two consecutive € minima is is

-t

The periodic variation of the amplitude of the motion, resulting from the superposition
of SHMs of slightly different frequencies, is known as the phenomenon of beats. A
maxima followed by a minima is technically called a beat. The time period tp between
the successive beats is called the beat period given by

1

t, = —
b Va2 —Vp

And the beat frequency v, is given by | vo — v4]|

Hence, the beat frequency is equal to the difference between the frequencies of the
component oscillations.

The figure below displays graphically the result of superimposing two harmonic
oscillations of different frequencies. You may note that superposition of two SHMs of
different frequencies results in oscillations that are periodic but not harmonic.
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Application of Beats

The phenomenon of beats is of great importance. Beats can be used to determine the small

difference between frequencies of two sources of sound. Musicians often make use of beats in
tuning their instruments. If the instrument is out of tune, one will hear beats. Sometimes beats
are deliberately produced in a particular section of an orchestra to give a pleasing tone tothe

resulting sound. There are many physical phenomena which involve beats.



Q: Two radio stations broadcast their programmes at the same amplitude A, and at slightly
different frequencies, where their difference is equal to 10° Hz. A detector receives the signals
from the two stations simultaneously. Find the time interval between successive maxima of the
intensity of the signal received by the detector.

The time interval between successive maxima of the intensity is equal to the beat period

1
tp =——= 1073
Vo =V,

When two tuning forks of same frequency are sounded, a continuous sound is heard. When one
of the tuning forks is waxed a little, so as to reduce its frequency, beats are heard because now
the frequencies of the two tuning forks are slightly different. By counting the number of beats
heard in a given interval of time, one can calculate the beat frequency.

Q: A tuning fork A produces 4 beats with tuning fork B of frequency 256 Hz. When A
is waxed, the beats are found to occur at shorter intervals. What was its original
frequency?

Solution: As the tuning fork A produces 4 beats with B of frequency 256 Hz, from
equation (4.15), the frequency of A should be

U1:(V2iVb):256i4HZ

decreases

Now when tuning fork A is waxed, we are given that the beat periodt;, = —
27 V2

Or, in other words, vp = Iv2 — v1l increases.

Let the frequency of the tuning fork A is U] =256+4=260Hz.WhentuningforkAis

waxed,itsfrequencyU;willdecrease,andhencethebeatfrequencyshouldalsodecrease.Butit
isnotwhatwehavefoundabove.So,frequencyof Acannotbe260Hz.

Let U1=256—4=252Hz, then its frequency U] decreases due to waxing, the beat
frequency increases.Hence,U;=252Hzisthecorrectanswer.

Example 1: Show that if a particle is acted upon by two separate forces each of which can separately produce a
simple harmonic motion, the resultant motion of the particle is a combination of two simple harmonicmotions

Example 2: What is the maximum possible amplitude of the two simple harmonic motions and when does
it occur?

Example 3:What is the minimum possible amplitude of two simple harmonic motions and when does it
occur?
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